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ABSTRACT
Vertically extended, high velocity dispersion stellar distributions appear to be a ubiq-
uitous feature of disc galaxies, and both internal and external mechanisms have been
proposed to be the major driver of their formation. However, it is unclear to what
extent each mechanism can generate such a distribution, which is likely to depend
on the assembly history of the galaxy. To this end, we perform 16 high resolution
cosmological-zoom simulations of Milky Way-sized galaxies using the state-of-the-art
cosmological magneto-hydrodynamical code arepo, and analyse the evolution of the
vertical kinematics of the stellar disc in connection with various heating mechanisms.
We find that the bar is the dominant heating mechanism in most cases, whereas spi-
ral arms, radial migration, and adiabatic heating from mid-plane density growth are
all sub-dominant. The strongest source, though less prevalent than bars, originates
from external perturbations from satellites/sub-halos of masses log10(M/M⊙) & 10.
However, in many simulations the orbits of newborn star particles become cooler with
time, such that they dominate the shape of the age-velocity dispersion relation and
overall vertical disc structure unless a strong external perturbation takes place.
Key words: galaxies: evolution - galaxies: kinematics and dynamics - galaxies: spiral
- galaxies: formation - galaxies: structure - methods: numerical
1 INTRODUCTION
The existence of thickened stellar discs has been known since
observations of the luminosity profiles of edge-on external
galaxies (Burstein 1979; Tsikoudi 1979) revealed an excess
of starlight at more than ∼ 1 kpc vertical distance from the
mid plane (Yoachim & Dalcanton 2006; Juric´ et al. 2008).
Subsequently, Gilmore & Reid (1983) showed that for our
own Galaxy, the vertical density profile inferred from star
counts in the solar neighbourhood is well fit by a superposi-
tion of two exponentials, leading to the popular interpreta-
tion that the stellar disc is made of two separate components
of fundamentally different origin, although this scenario is
contested (e.g., Bovy et al. 2012). Whether stellar discs are
composed of two distinct discs of different thickness, or one
vertically extended distribution of stars, their origin and the
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principal mechanisms that govern their formation are not
well understood.
In the ΛCDM cosmogony, structure formation is pre-
dicted to proceed hierarchically through the clustering and
merging of dark matter halos. In-falling baryonic matter
condenses through radiative cooling at the centres of grow-
ing dark matter halo groups, which leads to the formation of
massive galaxies surrounded by a distribution of smaller sub-
halos (Silk 1977; White & Rees 1978; Moore et al. 1999). In
such a violent environment, there are many processes of ex-
ternal origin that are capable of generating a vertically ex-
tended distribution of stars in disc galaxies, for example,
the accretion of tidally stripped stars from a satellite galaxy
(Abadi et al. 2003), and kinematic heating of a pre-existing
thin disc as a result of perturbations from satellite galax-
ies (Quinn et al. 1993). In addition, more violent mecha-
nisms have been proposed, such as major mergers of gas
rich systems (Brook et al. 2004). In this scenario, stars are
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born onto kinematically hot orbits at high redshift during
starbursts associated with the merging system, generating
a thickened disc of stars in a short time. A separate cosmo-
logically motivated mechanism of rapid thick disc formation
is that the bulk of stars associated with a thickened disc
inherited their high velocity dispersions at birth from a tur-
bulent, clumpy interstellar medium (ISM) during stages of
heavy cosmological gas accretion at high redshift (Noguchi
1998; Bournaud et al. 2009), which is later followed by more
quiescent evolution after redshift z = 1.
Although major mergers have a significant effect on
galactic structure, it is not clear whether such extreme
events are required to create a thickened stellar disc. A
key observable diagnostic for the formation history of the
Galaxy is the age-velocity dispersion relation (AVR), whose
shape is intimately related to past kinematic heating events
and processes. However, the exact shape of the AVR re-
mains a subject of debate, owing to the difficulties in mea-
suring stellar ages (Soderblom 2010). For example, a fea-
ture that appears as a merger driven saturation in velocity
dispersion, i.e., a step in the AVR (e.g., Quillen & Garnett
2001), may be smoothed out to a power law after 30% age
errors are considered (e.g., Martig et al. 2014). Indeed, in
the solar neighbourhood, the Geneva-Copenhagen survey
shows that the square of the vertical velocity dispersion in-
creases linearly with age (Nordstro¨m et al. 2004)1, which
indicates that more gradual, secular heating processes play
an important part in disc evolution. Among the sources of
internal secular heating, several N-body simulation stud-
ies have indicated that spiral arms and bars are efficient
at increasing the velocity dispersion of stars in the planar
direction (Sellwood & Carlberg 1984; Minchev & Quillen
2006), which can then be converted into vertical motion
from star scattering off Giant molecular clouds (GMCs)
(Carlberg 1987), other massive bodies, or in the form of
vertical breathing waves induced by a bar and spiral arms
(Masset & Tagger 1997; Faure et al. 2014; Monari et al.
2015) or from satellite interactions (Go´mez et al. 2013).
Some evidence for a connection between bar strength and
vertical heating has been found in N-body simulations of
idealised isolated discs (Saha et al. 2010) and in cosmologi-
cal zoom simulations (Yurin & Springel 2015).
Aside from spiral-induced kinematic heating,
Lynden-Bell & Kalnajs (1972) showed in analytical
work that spiral arms are able to change the angular
momentum value of individual stars without increasing
the random energy component of their orbits, in a process
known as “radial migration.” Sellwood & Binney (2002)
studied radial migration in the context of idealised N-
body simulations of stellar discs, and showed that star
particles are radially redistributed over the whole disc as
a result of many interactions with successive transient
spiral arms. In the following years, numerical simulations
proved to be an increasingly powerful tool for detailed
study of the dynamical response of star particles to
galactic structures. This led to the proposal of several
1 However, some authors argue that the relation may saturate
at ages of ∼ 5 Gyr (Dehnen & Binney 1998; Aumer & Binney
2009), or that there is a jump in velocity dispersion ∼ 8− 9 Gyr
ago (Soubiran et al. 2008).
mechanisms for radial migration, such as migration induced
by spiral-bar coupling (Minchev & Famaey 2010), wave
mode coupling (Comparetta & Quillen 2012), co-rotating
spiral arms (Grand et al. 2012a,b, 2014; Kawata et al. 2014;
Hunt et al. 2015) and migration by satellites2 (Quillen et al.
2009; Bird et al. 2012).
An important study of the impact of radial migration
on the vertical disc structure is that of Scho¨nrich & Binney
(2009), who examined the endpoint of a chemical evolution
model with a parametrised form of radial migration. They
concluded that the metal-rich, alpha-poor stars that origi-
nate from the inner regions of the Galaxy form a thick disc
component around the solar neighbourhood, a result that
hinges on the assumption that high velocity dispersion stars
are equally as likely to radially migrate as kinematically
cold stars, and in addition retain their high vertical energies
in the disc outskirts. However, in recent years it has been
demonstrated in isolated simulations that a strong kine-
matic bias for migration towards kinematically cold stars
exists (e.g., Vera-Ciro et al. 2014), and that the vertical
energy decreases for outward moving stars in accordance
with the conservation of vertical action (Minchev et al. 2012;
Solway et al. 2012). Recent N-body work has also spec-
ulated at the generation of thick discs via radial migra-
tion (e.g., Loebman et al. 2011), and it has been demon-
strated that star particles that move from the inner to outer
disc increase their vertical distance from the mid-plane, ow-
ing to the lower surface gravity and hence lower restoring
force in the outer regions (Rosˇkar et al. 2013). However,
Minchev et al. (2012) presented a detailed analysis of the ra-
dially migrated stars in N-body simulations of isolated discs
and found that overall radial migration does not have a sig-
nificant effect on galactic disc thickness, and may even cool
the outer parts of the disc in the regime of strong satellite
interaction (Minchev et al. 2013, 2014a). Nevertheless, the
effects of radial migration on disc evolution remain heavily
contested, and have been the subject of many studies (e.g.,
Haywood 2008; Di Matteo et al. 2013; Minchev et al. 2013,
2014a).
Nearly all numerical studies of detailed secular evolu-
tionary processes to date simulate isolated disc systems with
idealised initial conditions; simulations focussed solely on in-
ternal disc dynamics are set up with a perfectly symmetric
disc in a closed box fashion, and those that include satellites
are often set on contrived initial orbital parameters. More-
over, in order to achieve the numerical resolution required
to suppress numerical heating (Fujii et al. 2011) and resolve
structures such as spiral arms, the dark matter halo com-
ponent is often modelled by an analytical expression for the
potential and not evolved self-consistently. These compu-
tational limitations prohibit the simulation of galaxy discs
in a fully cosmological environment. However, full hydrody-
namical cosmological simulations are now able to produce
thin stellar discs with small bulges (Governato et al. 2010;
Agertz et al. 2011; Guedes et al. 2011; Martig et al. 2012;
Aumer et al. 2013; Stinson et al. 2013a; Marinacci et al.
2 We note that stars that migrate via satellite interactions are
kinematically heated, and predominantly sink toward the centre
of the galaxy, which is different from radial migration from spiral
arms.
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2014a), and are approaching the resolution required to ob-
tain well-resolved sub-structure.
In this paper, we present fully cosmological zoom sim-
ulations of Milky Way mass systems taken from a par-
ent cosmological simulation at z = 127 and evolved to
z = 0. The simulations include a wide range of galaxy
formation physics, the employed models of which have
been shown to reproduce realistic galaxy populations (e.g.,
Vogelsberger et al. 2013; Marinacci et al. 2014a). We are
therefore able to study complex dynamical phenomena in
systems representative of a globally successful galaxy for-
mation model, at the same level of detail as high resolution
isolated, idealised simulations.
This paper is organised as follows. In section 2 we de-
scribe the simulation technique and simulation suite. In sec-
tion 3, we quantify the spiral and bar strength evolution
in all simulations and discuss their relation to disc heating.
In section 4 we demonstrate that stellar radial migration
is correlated to the strength of non-axisymmetric structure
at different epochs throughout the evolution from z = 1 to
present day, and analyse the effects of radial migration on
vertical disc structure. In section 5 we discuss other sources
of secular heating, such as adiabatic heating from inside-out
disc growth and perturbations from satellites. We assess to
what extent heating mechanisms drive the AVR in section 6.
In section 7 we present a resolution study which shows that
the disc heating in the simulations are not of numerical ori-
gin. Finally, we summarise our findings in section 8.
2 METHODOLOGY
2.1 Initial setup and simulation code
In this section, we briefly describe the initial conditions and
halo selection, which will be fully described in a forthcom-
ing publication (Grand et al. in prep). The Milky Way-
mass halo systems are selected from a parent dark matter
only cosmological simulation. The simulation volume is a
periodic cube of side length 100 Mpc, with the standard
ΛCDM cosmology. The adopted cosmological parameters
are Ωm = 0.307, Ωb = 0.048, ΩΛ = 0.693 and a Hubble con-
stant of H0 = 100h km s
−1 Mpc−1, where h = 0.6777, taken
from Planck Collaboration et al. (2014). At the end-point of
this simulation, candidate halos were selected within a nar-
row mass range interval around 1012M⊙ that are located at
least 1.37 Mpc from any object more than half the mass of
the candidate, in order to select a sample of Milky Way size
systems that are relatively isolated.
We use the zoom-in technique to re-simulate the chosen
systems at a resolution high enough to resolve galaxy for-
mation and secular evolutionary processes. The initial condi-
tions for the zoom simulations are generated by sampling the
region in which the main galaxy forms with a high number
of low mass particles, and surrounding regions with parti-
cles that grow progressively in mass with increasing distance
from the main galaxy. Such particle sampling increases com-
putational efficiency while the correct simulation of relevant
external effects such as mass infall and the cosmological tidal
field is maintained. Once the dark matter particle distribu-
tion initial conditions are set, gas is added by splitting each
original dark matter particle into a dark matter particle and
gas cell pair, and the masses assigned to each are determined
from the cosmological baryon mass fraction. The dark mat-
ter particle and gas cell in each pair are separated by a
distance equal to half the mean inter-particle spacing, and
the centre of mass and centre of mass velocity is retained.
The typical mass of a high resolution dark matter par-
ticle is ∼ 3 × 105 M⊙, and the baryonic mass resolution is
∼ 4× 104 M⊙. The comoving gravitational softening length
for the star particles and high resolution dark matter par-
ticles is set to 750 pc, therefore the physical gravitational
softening length grows with the scale factor, until to a max-
imum physical softening of 375 pc is reached, at which time
it is kept constant. The softening length of gas cells is scaled
by the mean radius of the cell, with a minimum comoving
softening of 750 pc and maximum physical softening of 1.85
kpc.
The zoom re-simulations are performed with the N-
body, magneto-hydrodynamics code arepo (Springel 2010),
which we describe briefly here. For further detailed descrip-
tion, we refer the reader to Springel (2010). arepo is a
moving-mesh code that follows the evolution of magneto-
hydrodynamics and collision-less dynamics in a cosmological
context. Gravitational forces are calculated by a standard
TreePM method (e.g. Springel 2005), which itself employs
a Fast Fourier Transform method for long range forces, and
a hierarchical oct-tree algorithm (Barnes & Hut 1986) for
short range forces, together with adaptive time-stepping.
To follow the magneto-hydrodynamics, arepo utilises
a dynamic unstructured mesh constructed form a Voronoi
tessellation of a set of mesh-generating points (the so-called
Voronoi mesh), that allows for a finite-volume discretisa-
tion of the Euler equations for magneto-hydrodynamics. The
mhd equations are solved with a second order Runge-Kutta
integration scheme with high accuracy least square spa-
tial gradient estimators of primitive variables (Pakmor et al.
2016), which are improvements to the original version of
arepo (Springel 2010).
A unique feature of arepo is that the mesh can be
transformed through a mesh re-construction at any time-
step, which is not the case for standard grid-based methods.
Each mesh construction ensures that each cell contains a
given target mass (specified to some tolerance), such that
regions of high density are resolved with more cells than
regions of low density. Furthermore, the mesh generating
points are able to move with the fluid flow velocity, such
that each cell of the newly constructed mesh moves approx-
imately with the fluid at each point. In this way, arepo
both overcomes the Galilean invariance problem and sig-
nificantly reduces advection errors of large supersonic bulk
flows, which occur in regular fixed mesh codes. The quasi-
Lagrangian characteristic of the method makes it relatable
to other Lagrangian methods such as Smoothed Particle Hy-
drodynamics (SPH), although several caveats of the SPH
method are eliminated, for example, there is no artificial
viscosity, and the hydrodynamics of under dense regions are
treated with higher accuracy.
2.2 Physics model
We briefly summarise here some of the most impor-
tant physical processes implemented in arepo, and re-
MNRAS 000, 1–1 (2015)
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Table 1. Table of simulation parameters. The columns are 1) Model name; 2) Virial mass 5; 3) Virial radius; 4) Stellar mass6; 5) Inferred
decomposed stellar disc mass; 6) Radial scale length; 7) Inferred decomposed stellar bulge mass; 8) Bulge effective radius; 9) Sersic index
of the bulge and 10) Disc to total mass ratio.
Run Mvir (10
12M⊙) Rvir (kpc) M∗ (10
10M⊙) Md (10
10M⊙) Rd (kpc) Mb (10
10M⊙) Reff (kpc) n D/T
Au 2-4M 1.91 261.76 7.05 4.63 5.84 1.45 1.34 0.99 0.76
Au 3-4M 1.46 239.02 7.75 6.29 7.50 2.10 1.51 1.06 0.75
Au 5-4M 1.19 223.09 6.72 4.38 3.80 1.95 0.87 1.02 0.69
Au 6-4M 1.04 213.82 4.75 3.92 4.53 0.67 1.30 1.01 0.85
Au 9-4M 1.05 214.22 6.10 3.57 3.05 2.03 0.94 0.84 0.64
Au 12-4M 1.09 217.12 6.01 4.33 4.03 1.48 1.05 1.07 0.75
Au 15-4M 1.22 225.40 3.93 3.14 4.00 0.39 0.90 1.02 0.89
Au 16-4M 1.50 241.48 5.41 4.77 7.84 1.00 1.56 1.18 0.83
Au 17-4M 1.03 212.77 7.61 2.67 2.82 4.14 1.11 0.71 0.39
Au 18-4M 1.22 225.29 8.04 5.17 3.03 1.98 1.06 0.79 0.72
Au 19-4M 1.21 224.57 5.32 3.88 4.31 1.02 1.02 1.13 0.79
Au 21-4M 1.45 238.64 7.72 5.86 4.93 1.48 1.36 1.29 0.80
Au 23-4M 1.58 245.27 9.02 6.17 4.03 2.42 1.26 0.94 0.73
Au 24-4M 1.49 240.86 6.55 3.68 5.40 2.18 0.93 0.9 0.63
Au 25-4M 1.22 225.30 3.14 2.59 6.30 0.76 2.44 1.69 0.77
Au 27-4M 1.75 253.81 9.61 7.21 4.21 1.70 0.92 1.00 0.81
fer the interested reader to Vogelsberger et al. (2013) and
Marinacci et al. (2014a) for more details.
Primordial and metal-line cooling with self-
shielding corrections is enabled. Following the model
of Faucher-Gigue`re et al. (2009), a spatially uniform UV
background field is included, which completes reionization at
redshift z ∼ 6. The interstellar medium gas is modelled with
an effective equation of state (Springel & Hernquist 2003),
in which star formation occurs stochastically provided the
density of a gas cell is high enough, and the temperature is
not higher than that inferred by the equation of state. Each
star particle represents a single-age stellar population, the
stellar mass distribution of which follows a Chabrier Initial
Mass Function (Chabrier 2003). A stellar mass of 8M⊙ is
taken to define the mass threshold for supernova type II
(SNII) and supernova type Ia (SNIa), and the 2× higher
normalisation of the time-delay distribution of SNIa from
Marinacci et al. (2014b) is adopted. At each time-step,
the amount of mass and metals produced from SNII and
SNIa per star particle is calculated, and is distributed
into neighbouring gas cells. In addition to gas enrichment,
stellar feedback in the form of winds is modelled. This is
done by converting a probabilistically sampled star forming
gas cell into a wind particle and launching it with a velocity
that scales with the local dark matter velocity dispersion.
The wind particle is briefly decoupled from the gas as it
travels, interacting with other matter only through gravity
until it passes into a gas cell below a density threshold,
in which it re-couples and deposits the mass, momentum,
metals and energy that it inherited from the gas cell from
which it was launched. The amount of metals that the wind
particle inherits from it’s progenitor gas cell is controlled
by the wind metal loading parameter, which describes how
much of the gas cell metal content is passed to the wind
particle and how much is given to surrounding gas cells.
This parametrisation of wind outflows is required in order
to reproduce both the stellar mass and oxygen abundances
of low mass haloes (Puchwein & Springel 2013).
Magnetic fields are implemented following the method
described in Pakmor & Springel (2013). A homogeneous
magnetic field is seeded at z = 127, whose (comoving)
strength is chosen to be 10−14 Gauss, and the direction
chosen along the Z direction. The choice of direction and
strength has been shown to have little effect on the evolution
(Pakmor et al. 2014; Marinacci et al. 2015). The divergence
cleaning scheme of Powell et al. (1999) is implemented to
ensure that ∇ ·B = 0.
Black Holes are seeded, and grow through gas accre-
tion and merger processes based on the model introduced
in Springel et al. (2005). AGN feedback is implemented in
the quasar-phase through thermal heating of the neighbour-
hood of the black hole. The model includes also a radio mode
feedback channel, in which bubbles of hot gas gently heat
the gaseous halo surrounding the central galaxy to compen-
sate for its radiative losses in the X-ray band, following the
relations presented in Nulsen & Fabian (2000).
2.3 Simulations
The current suite of simulations comprises 30 halos, the gen-
eral properties of which will be fully analysed and compared
to observations in a forthcoming publication (Grand et al.
in prep). In this paper, we focus our analysis on a sub-set of
these halos that exhibit clear stellar discs at present day, in
order to elucidate vertical disc heating effects. The parame-
ters of the resulting 16 halos are listed in Table 1. The halos
take on the label “Auriga”, which is abbreviated to “Au”.
The simulation names encode the halo number and resolu-
tion level, e.g., Au 2-4M indicates halo number 2 simulated
at resolution level 4, which is consistent with the nomen-
clature of the Aquarius project (Springel et al. 2008). The
5 Defined to be the mass inside a sphere in which the mean matter
density is 200 times the critical density, ρcrit = 3H
2(z)/(8piG).
6 Defined as the stellar mass within 0.1 times the virial radius.
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Au 23 Au 24 Au 25 Au 27
Au 17 Au 18 Au 19 Au 21
Au 9 Au 12 Au 15 Au 16
Au 2 Au 3 Au 5 Au 6
Figure 1. The face-on and edge-on projected stellar density of each simulation at z = 0. The images are synthesised from a projection
of the K-, B- and U -band luminosity of stars, which are shown by the red, green and blue colour channels, in logarithmic intervals,
respectively. Younger (older) star particles are therefore represented by bluer (redder) colours. The plot dimensions are 50× 50× 25 kpc.
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Figure 2. The radial profile of the mass surface density of all star particles within 1 kpc of the disc mid-plane, plotted at a series of
times indicated by the colour bar. The disc scale length at present day is indicated by the dotted line.
“M” indicates that magnetic fields are simulated. Because
all simulations presented in this study are simulated at level
4 resolution with magnetic fields, for the remainder of this
paper we abbreviate the simulation name to refer to only
the halo number, e.g., Au 2.
In Fig. 1 we show the present day face-on and edge-
on projections of the stellar disc for all simulations, which
have been re-orientated such that the disc plane is aligned
with the X-Y plane of our Cartesian coordinate system7.
The images are constructed by mapping the K-, B- and
U -band luminosity of stars to red, green and blue colour
7 To re-orient the disc plane, we compute and diagonalise the
moment of inertia tensor of all star particles younger than 3 Gyr
between 0 and 10 kpc radii. We tried several criteria for selecting
star particles for computation of the inertia tensor, and found
that this is a robust choice.
channels, which indicates the distribution of old, intermedi-
ate and young stellar populations, respectively. In all cases,
flat extended stellar discs and relatively small red spheroidal
bulges are visible, the latter of which in most cases are so
small as to barely protrude vertically out of the disc, for
example, Au 16 and Au 19. Quantitatively, the surface den-
sity profile of the galaxies is decomposed into a disc and
bulge component fit simultaneously with an exponential and
Sersic profile (see Marinacci et al. 2014a). The inferred disc
to total (baryonic) mass ratio (D/T ) is listed in Table 1,
which confirms the prominence of the stellar discs, and the
present day radial scale length and bulge Sersic index reflect
that the simulation suite contains a variety of discs similar
in size and mass to that of the Milky Way (Rix & Bovy
2013; Bovy & Rix 2013). Furthermore, the disc component
in these halos shows evidence of ongoing star formation that
tends to trace spiral/ring-shaped features, which is partic-
MNRAS 000, 1–1 (2015)
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ularly clear in Au 3 and Au 19. In general, bar and spiral
structure is well resolved, and clearly traces the underlying
density field of the older populations of stars as well as sites
of recent star formation. We therefore have a suitable simu-
lation suite with which to study disc evolution in the context
of galaxy disc heating processes.
2.3.1 Disc surface density evolution
We show the evolution of the surface density profile in
Fig. 2, which clearly shows that the galaxy simulation sam-
ple includes a diverse set of formation histories. For exam-
ple, several halos, such as Au 5, Au 9, and Au 15 grow
steadily over a large radial range for the entire period of time
shown, whereas Au 2 and Au 16 show very little increase in
their surface density across the radial range examined after
tlookback ∼ 6 Gyr. Some discs exhibit smooth and continual
growth in the surface density around the disc edges, con-
sistent with the concept that discs grow inside-out through
continual acquisition of high angular momentum gas. Par-
ticularly clear examples of this type of growth include Au
3, Au 6 and Au 27, which show significant disc growth until
times as late as tlookback ∼ 3 Gyr. This is perhaps surprising,
because galaxy discs are thought to be largely fully formed
by tlookback ∼ 8 Gyr (z ∼ 1) (van Dokkum et al. 2013).
Analysis of the detailed formation history of these simulated
galaxies will be presented in forthcoming publications.
2.3.2 Vertical kinematic heating evolution
To follow the kinematic heating rate of pre-existing star par-
ticles, we select, at tlookback = 8.5 Gyr, a coeval population of
star particles defined to be younger than 1 Gyr. We calculate
the radial profile of the vertical velocity dispersion of these
star particles at a series of times between tlookback = 8.5
Gyr and present day, which is shown in Fig. 3 for all halos.
Only star particles born in-situ are considered, in order to
remove contamination of the kinematics by accreted stars. In
nearly all simulations, the star particle population exhibits
kinematic heating with time, however there is a variety of
evolutions to be found within the sample. For example, Au
23 shows a steady heating of the population between the
radii 5 and 20 kpc, whereas Au 6 and Au 16 experience a
relatively small amount of heating between a look back time
of 8 and 5 Gyr followed by very quiescent evolution. There
are examples of strong, episodic heating in the evolution of
Au 12 and Au 19. Interestingly, in some halos such as Au 9
and Au 18, there is a radius inside of which the coeval popu-
lation increases in vertical velocity dispersion, and outside of
which the population appears to cool. We will return to this
feature of the velocity dispersion profile in section 4.2.1. In
what follows, we aim to identify the mechanism(s) respon-
sible for the kinematic heating of pre-existing star particles
highlighted in Fig. 3.
3 SPIRAL AND BAR STRUCTURE
In order to establish a link between disc heating and bars
and spiral arms, we must first quantify the strength of bar
and spiral structure. We characterise the strength of spiral
and bar structure by use of the Fourier mode approach (e.g.,
Quillen et al. 2011). In a given radial annulus, the complex
Fourier coefficients for an azimuthal pattern in the mass
distribution with n-fold axi-symmetry are calculated as
Cn(Rj , t) =
N∑
i
mie
−inθi , (1)
where mi and θi is the mass and azimuthal coordinate of
the i-th star particle found within the j-th radial annulus in
a set of 24 equally spaced radial annuli. The amplitude of
the n-th Fourier mode in a given radial bin is then
Bn(Rj , t) =
√
an(Rj , t)2 + bn(Rj , t)2, (2)
where an and bn are the real and imaginary parts of the
complex Fourier coefficient, Cn. For a reliable individual
quantification of the bar and spiral arms, it is important
to determine at which radius the bar ends and spiral struc-
ture begins, such that appropriate radial ranges are chosen
to calculate the Fourier amplitudes. We infer the semi-major
axis length of the bar from consideration of the bar phase
angle, given by
θ′2 =
1
2
atan2(b2, a2), (3)
which returns a bar phase angle within the range −π/2 to
π/2 (owing to the n = 2 rotational symmetry). Because the
phase angle of the bar is generally constant over the bar
radial range, we estimate the end of the bar semi-major axis
as the radius at which the phase angle changes by more than
0.5 rad (similar to the criterion used by Goz et al. 2015). The
radial range considered for the calculation of the bar (spiral)
strength is therefore taken to be R < Rbar (Rbar < R < 20
kpc). We impose a lower limit for Rbar to be Rs, in order to
prevent poor sampling in very small radial ranges.
The mass-weighted mean of the amplitudes of a given
Fourier mode in a given radial range is
An(t) =
∑
j Bn(Rj , t)∑
j B0(Rj , t)
, (4)
where B0 is given by equation (2) for n = 0. Fig. 4 shows the
spiral amplitude, An, for n = 1-6 as a function of time for
all halos. In most halos, the most dominant Fourier mode is
the n = 2 mode, which corresponds to a two-armed spiral
structure. This is corroborated from visual inspection of the
face-on stellar projections in Fig. 1, which illustrates that
most of the discs show a grand design type of spiral mor-
phology, as opposed to the many armed flocculent type of
spiral structure. Fig. 4 shows that n = 1, lop-sided modes are
prominent features also, which in some cases, such as Au 5
and 12, dominate over even the n = 2 modes for much of the
evolution. The amplitudes of the dominant Fourier modes
oscillate with time around amplitudes of ∼ 0.05-0.1, which
is similar to what is found in idealised simulations of isolated
discs in which transient, recurring spiral arms continually
form and disrupt (e.g., Grand et al. 2012a; Wada et al. 2011;
Baba et al. 2013; Grand et al. 2013; Sellwood & Carlberg
2014; Dobbs & Baba 2014). It is evident also that there are
specific times at which the amplitudes of all Fourier modes
MNRAS 000, 1–1 (2015)
8 Grand et al.
20
40
60
80
100
120
140
σ
z
[k
m
s−
1
]
Au 2 Au 3 Au 5 Au 6
20
40
60
80
100
120
140
σ
z
[k
m
s−
1
]
Au 9 Au 12 Au 15 Au 16
20
40
60
80
100
120
140
σ
z
[k
m
s−
1
]
Au 17 Au 18 Au 19 Au 21
0 5 10 15
R [kpc]
20
40
60
80
100
120
140
σ
z
[k
m
s−
1
]
Au 23
0 5 10 15
R [kpc]
Au 24
0 5 10 15
R [kpc]
Au 25
0 5 10 15
R [kpc]
Au 27
7.6
6.8
6.0
5.2
4.4
3.6
2.8
2.0
1.1
0.3
0.0
t l
oo
k
b
ac
k
[G
y
r]
Figure 3. The radial profile of the vertical velocity dispersion of a coeval population of star particles at a series of times indicated by
the colour bar. For this coeval population, star particles are selected to be younger than 1 Gyr at tlookback = 8.5 Gyr. The disc scale
length at present day is indicated by the dotted line.
rapidly spike and decay, which appear to be a result of exter-
nal perturbations from satellites that excite spiral structure.
The left panels of Fig. 5 show the evolution of bar
strength for all the simulations, with a moving average of
width 0.5 Gyr applied in order to erase rapid fluctuations.
We see that if we consider a present day amplitude of less
than 0.05 to be the threshold to determine the presence of
a bar in a given disc, our sample of 16 halos contains 12
barred-spiral discs and 4 spiral-only discs. Furthermore, it
is clear that there is a wide variety of bar strength evolution
in the barred discs: there is a spread in the time at which
bars begin to grow above the amplitude threshold, for ex-
ample the bar in Au 5 and Au 6 begin to grow at a lookback
time of ∼ 5 Gyr, whereas the bars in Au 2 and Au 17 exhibit
an amplitude greater than 0.1 at that time. There is a gen-
eral tendency for bars that begin to grow at early times to
evolve to the strongest bars at present day, however this is
complicated by the various evolutionary histories. Most no-
tably, there are three types of evolution: a) bars that show
continual growth such as Au 12 and Au 27; b) bars that ap-
pear to remain at a given strength for long periods of time
such as Au 2; c) and bars that exhibit a period of growth
followed by a decline, followed by a resumption of growth
such as Au 9.
3.1 Effect of bars and spiral arms on disc heating
To aid comparison of the vertical kinematic evolution with
the evolution of non-axisymmetric structure, we calculate
MNRAS 000, 1–1 (2015)
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Figure 4. The time evolution of the amplitudes of the Fourier modes n = 1-6, calculated from equation (4). The n = 1 and 2 modes are
represented by thick curves to emphasise their evolution.
the total kinetic vertical energy of the same coeval star par-
ticles as shown in Fig. 3 as a function of time,
ζ = σ2z(t)− σ2z(t0), (5)
where t0 = 8.5 Gyr lookback time. The left panels of Fig. 6
show for all simulations the evolution of this quantity calcu-
lated from all the star particles within 0.1Rvir, which pro-
vides a measure of the total kinematic heating over the disc.
Several cases of high degrees of heating are evident, which
can be categorised as sudden, e.g., Au 5, Au 19 and Au 21,
and smooth and continuous, e.g., Au 17, Au 18 and Au 23.
Some halos exhibit remarkably low kinematic heating over
this period, for example, Au 25.
By comparing the bar strength evolution (left panels of
Fig. 5) with the vertical kinetic energy evolution (left panels
of Fig. 6), we see that the most vigorously heated discs, Au
5, Au 19 and 21, do not host particularly strong bars during
the time period examined, nor during times prior to strong
heating, e.g., tlookback ∼ 5 Gyr for Au 19. With the exception
of these halos, however, there is evidence that bar strength
is correlated with disc heating: the discs in Au 17, Au 18 and
Au 23 possess the strongest bars in the simulation sample
from z = 0.5 (tlookback = 5.2 Gyr) to present day, and show
the largest amount of heating of their respective coeval pop-
ulations. Particularly interesting is the sudden heating of the
disc in Au 18 at tlookback ∼ 1 Gyr, which is accompanied by
the equally sudden drop in bar strength at the same time.
This corresponds to a bar buckling event that produces an
X-shaped bulge (visible in Fig. 1). Such events are reported
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Figure 5. Left panels: The bar strength, characterised by amplitude of the n = 2 Fourier mode calculated from equation (4) within the
bar radius given by equation (3), as a function of time for all the simulations. A moving average of 0.5 Gyr width is applied to smooth
out rapid fluctuations. The amplitude value of 0.05 is marked by the dashed line. Right panels: The amplitude of the spiral structure,
characterised by the sum in quadrature of the n = 1-6 Fourier mode amplitudes calculated from equation (4) in the radial range between
the bar radius and 20 kpc, as a function of time for all simulations. A moving average of 1.0 Gyr width is applied to smooth out rapid
fluctuations. The simulation sample is spread over two sets of panels (top and bottom row), in order to aid visual inspection.
to cause stars originally on bar supporting orbits to transi-
tion suddenly to box-orbits that extend vertically out of the
plane, and thus contribute to an increase in vertical energy
(e.g., Pfenniger 1984; Athanassoula 2013).
To further explore the link between bars and heating, we
follow the evolution of ζ in the inner and outer disc, defined
as R < Rd, and 2Rd < R < 3Rd respectively, shown in the
middle and right columns of Fig. 6. The heating of the halos
with the strongest bars (Au 17, 18 and 23) is increased in the
inner regions, and low in the outer regions, in line with the
expectation that bars are most effectively heating the inner
disc material. The heating rate of the halos that host the
next three strongest bars, Au 2, 9 and 24, is also increased
(decreased) in the inner (outer) region, though noticeably
lower than the three strongest bar cases. As noted by several
authors (Seabroke & Gilmore 2007; Aumer & Binney 2009),
stars older than ∼ 5 Gyr are less sensitive probes of heat-
ing mechanisms than are younger stars, owing to possible
saturation of their velocity dispersion. Therefore, we follow
also the evolution of a younger coeval population shown in
Fig. 7, selected at tlookback = 6 Gyr, which is more respon-
sive to late time evolution when bars are most prominent. In
particular, the steep and steady increase that occurs for Au
24 in the inner regions after tlookback ∼ 4 Gyr is consistent
with the growth of the bar to amplitudes of > 0.2.
Although these trends indicate that the bar is a promi-
nent source of disc heating, it is clear that another source
is required in order to account for the heating of discs with
a weak/no bar, in particular halos Au 5, Au 15, Au 19 and
Au 21, which exhibit stages of significant heating that seem
to be driven by a different/additional mechanism.
Another possible cause of disc heating is spiral struc-
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Figure 6. Left panels: The change in vertical kinetic energy (ζ) of the coeval star particles found in the disc born at a lookback time
between 8.5 and 9.5 Gyr, plotted as a function time. Middle panels: The same as the left panels but for star particles in the inner disc
(R < Rd). Right panels: The same as the left panels but for star particles in the outer disc (2Rd < R < 3Rd). The simulation sample is
spread over two sets of panels (top and bottom row), in order to aid visual inspection.
ture, which has been shown to cause an increase in the ra-
dial and tangential velocity dispersion of stars. The increase
in planar random motion is thought to be able to be con-
verted into vertical motions by scattering from Giant Molec-
ular Clouds (GMCs, e.g. Carlberg 1987) and/or breathing
modes induced by non-axisymmetric structure (Faure et al.
2014; Debattista 2014). To aid comparison of the vertical ki-
netic energy evolution with the evolution of spiral structure
strength, we show in the right panels of Fig. 5 the spiral
amplitude of the n = 1-6 Fourier modes summed in quadra-
ture and smoothed with a moving average to enhance the
clarity of the evolution. There is some evidence to suggest
that spiral arms are linked to kinematic heating in the outer
disc regions. For example, at times later than tlookback ∼ 6
Gyr, halos Au 2 and 18, which exhibit relatively high spiral
amplitudes of more than 0.15, show some moderate heating
in the outer disc (see right panels of Fig. 7), whereas the
low spiral amplitudes halos Au 3, Au 6 and Au 17 show
very little heating (and indeed cooling in the case of Au
17). However, the disc in Au 25 stands out as having the
most clearly defined two-armed spiral structure (see Fig. 1)
at late times, but the disc heating evolution is among the
shallowest in the sample for all regions of the disc.
A complication in attributing spiral structure to heat-
ing in the outer disc is that many of the prominent spiral
signatures seen in Fig. 5 seem to be caused by satellite in-
teractions (see Section 5.2), which are likely to be the source
of heating in these cases. A clear example of this is in the
weakly-barred disc of Au 21, in which a sudden increase in
spiral amplitude at tlookback ∼ 2 Gyr coincides with an in-
crease in ζ. Aside from these difficulties in determining a
correlation, the generally low level of heating that can be
associated to spiral arms leads us to conclude that spiral
structure is not a dominant source of kinematic heating.
That the spiral structure seems unlikely to be a source of
disc heating in these simulations is not surprising, because
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Figure 7. As Fig. 6 but for a coeval population selected between tlookback = 6 and 7 Gyr.
the adopted ISM model does not currently resolve a cold,
clumpy medium, therefore the conversion of radial motions
to vertical motions by molecular cloud scattering is not pos-
sible.
4 RADIAL MIGRATION
In this section, we investigate the effects of radial mi-
gration from bar and spiral structure on the verti-
cal structure of the disc, which has been recently de-
bated (e.g. Scho¨nrich & Binney 2009; Minchev et al. 2012;
Martig et al. 2014). For this analysis, we focus on star par-
ticles that belong to the disc, which we select according to
the orbital circularity. Following the method presented in
Marinacci et al. (2014a), we calculate the z-component of
angular momentum, Lz, for each star particle, and define
the circularity parameter as
ǫ =
Lz(E)
Lz,max(E)
, (6)
where Lz,max(E) is the maximum angular momentum al-
lowed for the binding energy, E, of the star particle. Those
that satisfy ǫ > 0.7 are classified as disc star particles. This
selection criterion ensures that we remove contamination
from halo and bulge stars, and that we are left with a compo-
nent of star particles with a well defined angular momentum
along the z-axis.
4.1 Quantifying radial migration
Before we investigate the impact of radial migration on the
vertical disc structure, we first establish that angular mo-
mentum changes of individual star particles are attributed
to bar and spiral structure. This requires a quantification
of the angular momentum changes/strength of radial mi-
gration. We compute two separate quantities to characterise
angular momentum changes of star particles: i) the angular
momentum flux tensor, ii) second order diffusion coefficients
in angular momentum space. The former has the advantage
that it can be calculated at an instant in time on a grid in
configuration space to give an indication of the directional
MNRAS 000, 1–1 (2015)
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Figure 8. The angular momentum flux tensor component, ΛzR, as expressed in equation (8), plotted on a 2D plane in configuration
space aligned with the X-Y plane, for all halos. Positive values indicate angular momentum flux in the outward radial direction, and
negative values in the inward radial direction. White contours indicate the 0.05, 0.1, 0.2 and 0.3 levels of stellar azimuthal over-density.
flows of angular momentum. The latter encapsulates the ra-
dial migration that has occurred in a given time interval, and
therefore reliably quantifies the amount of radial migration
that has taken place over a period of galactic evolution.
4.1.1 Angular momentum flux tensor
The angular momentum flux tensor describes the cur-
rent of a given component of angular momentum through
a surface whose norm is perpendicular to the direction
of the angular momentum component, and has the form
(Binney & Tremaine 2008)
Λim = ǫijkxjρvkvm, (7)
where ρ is the mass volume density, ǫijk is the permutation
tensor of an orthogonal basis set and x and v are position
and velocity in the direction indicated by the sub-script. For
our purposes, the angular momentum flux tensor is a useful
quantity to calculate because it provides information of the
angular momentum flow at an instant in time, which then
may be correlated to galaxy structure at the same time and
position in configuration space. For radial migration, the
z-component of angular momentum that flows through a
surface in the radial direction is the relevant element of the
flux tensor, which is given as
ΛzR = RρvφvR, (8)
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and is readily computable from a simulation snapshot. Fig. 8
shows this quantity calculated in bins of side length 1.25 kpc,
in the X-Y plane for each of the simulations at z = 0. It is
clear that in some halos the direction of angular momentum
flux traces out spiral structure in Fig. 1, for example, the flux
tensor map of Au 16 shows a clear two-armed spiral shape
that correlates well with the two-armed spiral over-density.
In addition to spiral arms, bar-driven radial migration is ev-
idenced by the clear quadrupole pattern near the centre of
the barred galaxies, particularly in Au 23, which possesses
one of the strongest bars in the suite at z = 0. The az-
imuthally dependent angular momentum flux patterns are
consistent with the systematic radial motion of star parti-
cles as a response to continual tangential gravitational forces
supplied by transient spiral arms seen in isolated simulations
(Grand et al. 2012a,b, 2014), and indicative that spiral arms
and a bar drive radial migration in our suite of simulations.
4.1.2 Radial migration as angular momentum diffusion
In a statistical context in which an ensemble of star parti-
cles is considered, radial migration can be approximated as
a diffusion process (e.g., Brunetti et al. 2011; Kubryk et al.
2015; Sanders & Binney 2015). Over time, the distribution
of a group of star particles located initially in a narrow range
of angular momentum, Lz (or guiding centre, Rg), will be-
come broader as tangential forces act to change the guiding
centre radii of the star particles. If the distribution in guid-
ing centre (angular momentum) space can be approximated
as a Gaussian, then the rate of change of the dispersion of
the distribution can be taken to obey the spatial diffusion
equation in cylindrical coordinates, the general solution of
which is
C(Rg, t) =
∫
∞
0
A(k)e−Dk
2tJ0(kRg)kdk, (9)
where J0 is the Bessel function of the first kind, C is the
distribution of star particles in guiding centre radius at a
time, t, k is a length scale and D is the second order dif-
fusion coefficient, which we assume to be time-independent
for a given ensemble of star particles. From the assumption
of the initial narrow star particle distribution in Rg, i.e.,
C(Rg, 0) = C0Rg0δ(Rg − Rg0), the Hankel transform of C
gives
A(R) = C0Rg0
∫
∞
0
δ(Rg −Rg0)J0(kRg)RgdRg,
= C0R
2
g0J0(kRg0).
(10)
Inserting equation (10) into equation (9) yields an integral
over two Bessel functions, which can be shown to give a
final expression for the time evolution of the distribution of
particles in guiding centre space that follows
C(Rg, t) ∝ exp
[
− R
′2
g
4Dt
]
, (11)
where R′g = Rg(t) − Rg(0), and D = σ2/2t, where σ is the
dispersion in the guiding centre radius distribution. To eval-
uate the diffusion coefficient, D, we define a time window
given by an initial and final time: ∆T = Tf −Ti, and calcu-
late the quantity R′g for each star particle in the disc. From
the assumption that the star particles are initially located
in a narrow range of angular momentum, the dispersion is
calculated from the final guiding centre distribution only,
giving the diffusion coefficient as:
D ≈ R
′2
g
2∆T
. (12)
It is important to note that the description of radial migra-
tion as a diffusion process is valid only for time-scales less
than the diffusion time-scale, as discussed by Brunetti et al.
(2011). We find a suitable time window to be of order a
dynamical time (∼ 200 Myr), which is consistent with the
adopted time-scale measured by Brunetti et al. (2011).
For each simulation, we choose four instances in time
at which to centre a time window: 7, 5, 3 and 1 Gyr look
back time. These times are chosen such that they are late
enough in the galaxy evolution stages such that there is
a well-formed stellar disc with bar/spiral structure. At the
beginning of each time window, we calculate the guiding
centre of each disc star particle8 and divide the disc star
particles in guiding centre space into annuli of 0.5 kpc width.
At the end of each time window, we calculate the guiding
centre distribution of the same star particles that were found
in a given radial annulus at the beginning of the window, and
apply equation (12) to the distribution in order to calculate
a diffusion coefficient in each annulus. In this way, we obtain
a radial profile of diffusion coefficients.
At each of the four short time windows defined above,
we characterise the strength of radial migration over the
disc as the radial average of the diffusion coefficients, which
we plot against the combined strength of bar and spiral
structure, defined to be equal to (A2b + A
2
sp)
1/2. This is
done for all simulations and shown in the top-left panel of
Fig. 9. It is clear that there is a positive correlation between
the strength of non-axisymmetric structure and the disc-
averaged amount of migration that takes place in a disc. To
explore the radial dependence of the diffusion coefficients,
Fig. 9 shows the diffusion coefficients at 1, 2, and 3 disc scale
lengths for the same time windows, plotted against the bar,
spiral+bar and spiral amplitudes, respectively. A particu-
larly tight relationship at 1Rd is evident, which highlights
bar-driven migration in the inner disc region. The correla-
tion is still present at 2 and 3Rd, though it appears steeper
with diffusion coefficients that reach up to 15 kpc2 Gyr−1
in some cases. The increased migration at larger radii may
be an indication that satellite induced migration occurs at
some times, which is likely more frequent at earlier, more ac-
tive times of the evolutionary history, as hinted by the lack
of correlation for the earliest time window shown at 3Rd.
However, the general good correlations shown in all panels
of Fig. 9 indicates that the radial migration from spiral
arms and a bar indeed occurs in the simulations.
8 We calculate the guiding centre by first computing the radial
profile of the z-component of angular momentum for circular or-
bits, |Lz,c| = |R ×Vc|. The guiding centre is then given by the
radius at which the magnitude of the z- component of angular
momentum of a given star particle intersects this curve.
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Figure 9. Diffusion coefficients calculated from equation (12) as a function of non-axisymmetric structure amplitude, calculated at
tlookback = 7 (circles), 5 (squares), 3 (triangles) and 1 Gyr (diamonds). Top left : Coefficients radially averaged from the halo centre to
R = 15 kpc, plotted as a function of the quadrature sum of the spiral and bar amplitudes. The remaining panels show the diffusion
coefficients at the radius indicated, plotted against the bar amplitude (top right), bar and spiral quadrature sum (bottom left) and spiral
amplitude (bottom right), in accordance with the contributing amplitudes at that radial position.
4.2 Effect of radial migration on vertical disc
structure
In this section, we examine the effects of radial migration on
the vertical structure of the disc, which we study on both
short and cosmological time-scales. On the short time-scales,
we track the evolution of disc star particles present at the
beginning of a given time window only, which enables a clear
comparison between star particles that radially migrate with
those that do not at a given epoch. On the cosmological
time-scale, we consider all star particles present at z = 0,
as a series of coeval populations, which allows us to probe
the effects of radial migration on the final disc distribution
throughout the formation history of the galaxy.
4.2.1 Short-term radial migration
We divide the period of time from tlookback = 5.2 Gyr to
present day (z = 0.5) to (z = 0) into two equal size time
windows, and compute the change in guiding centre radius of
each disc star particle between the beginning and end of each
time window as a function of the initial guiding centre. The
first two panels of Fig. 10 show the smoothed 2D histograms
of the disc star particles in this plane for Au 6 as an example
of a spiral-only disc. The histograms illustrate that radial
migration occurs over a radial range of between ∼ 5 and
∼ 15 kpc in the first time window, and expands to up to
∼ 20 kpc for the second time window as a result of the disc
growth that takes place. These radial ranges are consistent
with that of the spiral structure, though note the feature at
Rg > 15 kpc with ∆Rg > 5 kpc, that may be partly driven
by satellite interaction.
The first two panels of the second row of Fig. 10 show
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Figure 10. The evolution of disc star particle guiding centres at various time periods for the spiral only galaxy in Au 6 (left two columns)
and the barred-spiral galaxy in Au 18 (right two columns). Top row : 2D number density histogram of disc star particles in the ∆Rg vs.
Rg,i plane, where Rg,i is the guiding centre at the beginning of the time window, and ∆Rg is the change in guiding centre radius between
the beginning and end of the time window. The time windows are ∼ 2.6 Gyr in size, and together span the evolution from z = 0.5 to
present day. Middle row : As the top row, but colour-coded according to the vertical velocity dispersion in each bin at the beginning of
the time window. Bottom row : As the middle row, but colour coded according to the vertical velocity dispersion at the end of the time
window, and the x-axis now plots the final guiding centre.
the star particles plotted on the same plane as the top row,
but binned into grid cells of side length 0.8 kpc and colour-
coded according to the initial vertical velocity dispersion.
These plots indicate, particularly at later times, that the
star particles that radially migrate the most are kinemati-
cally cool in comparison to those star particles that migrate
less/do not migrate. The reason for the preferential migra-
tion of kinematically cool stars is that they undergo smaller
vertical excursions from the disc plane compared to the kine-
matically hot stars, and therefore a larger fraction of their
orbital period is spent in the disc where the bar and spiral
structure are hosted. This result is consistent with simula-
tions of isolated galaxy discs set up in idealised conditions
(Vera-Ciro et al. 2014). The first two panels of the bottom
row of Fig. 10 shows the distribution of the same star par-
ticles as the second row binned according to ∆Rg and final
guiding centre radius, Rgf , colour-coded to the vertical ve-
locity dispersion at the end of the time window. This plot
indicates that star particles that gained angular momentum
remain cool with respect to the star particles that do not
migrate, i.e., those with ∆Rg ∼ 0, and contrarily, star par-
ticles that lost angular momentum increase their intrinsic
vertical velocity dispersion, which in the earlier time win-
dow is boosted above that of the local, non-migrating star
particles.
The right two columns of Fig. 10 show the same set
of plots as the left two columns, but for the barred-spiral
disc of Au 18. A typical signature of the bar is clearly iden-
tified as a diagonal ridge centred on a guiding centre of
about ∼ 7 kpc, which is caused by the radial migration
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that occurs close to the bar co-rotation radius: material in
the proximity of this resonance that lies inside and outside
is torqued outwards and inwards, respectively. The second
row shows that the bar is able to cause star particles with
high vertical velocity dispersions to migrate, though the
same trend seen for Au 25 is still discernible. However, the
bottom panels show that stars that migrated outwards un-
dergo significant intrinsic kinematic cooling with respect to
their kinematic state at the beginning of the time window
(see also Grand et al. 2012a). This behaviour is expected
from the (particle ensemble average) conservation of ver-
tical action (e.g., Solway et al. 2012; Minchev et al. 2012),
which predicts that vertical energy decreases proportional to
exp[−R/2Rs] (e.g., Minchev et al. 2012; Rosˇkar et al. 2013).
In the case of Au 18, the outward migrated star particles
cool to such a degree as to be kinematically cooler than
non-migrator star particles at their final guiding centre ra-
dius (see also Fig. 3), despite their high original velocity
dispersion.
4.2.2 Radial migration on cosmological time-scales
In this section we quantify the extent to which radial migra-
tion on cosmological time-scales influences the present day
disc structure. We divide all in-situ star particles at present
day into age bins of width 1 Gyr, and calculate their present
day guiding centre values, Rg(t = 0), and their birth radii,
Rbirth, which we assume to be nearly circular (and there-
fore approximately equal to the guiding centre). We define
∆Rg = Rg(t = 0) − Rbirth. For each coeval population at
a given present day radius, we define star particles that
have migrated outward (inward) as those that were born
inside (outside) of the radius and that satisfy ∆Rg > 1 kpc
(∆Rg < −1 kpc). At a set of three present day radii: 2, 3
and 4 times the disc scale length, the present day vertical
velocity dispersion of the migrated star particles in each co-
eval bin is calculated, and normalised as a fraction of the
total present day vertical velocity dispersion in each coeval
bin, σz,tot, at each given radius.
The top row of Fig. 11 shows the results for the inner-
most (left panel), intermediate (middle panel) and outer-
most (right) radius for all simulations. The simulation sam-
ple mean of the fraction of vertical velocity dispersion of all
migrated star particles relative to all the star particles in a
given age bin is shown by the solid black curve, and the 1-
and 2-σ regions are indicated by the dark and light shaded
regions, respectively. The mean fraction of vertical veloc-
ity dispersion of star particles that migrated inwards only
(negative migrated star particles) and star particles that mi-
grated outwards only (positive migrated star particles) are
shown by the dot-dashed and dashed curves, respectively.
Clearly, a general trend is that negative (positive) migrated
star particles have a heating (cooling) effect on the disc at
all radii, which appear to cancel out at most ages and pro-
duce a sample mean effect of migration close to zero. Note
that the scatter among the simulations is very small across
most ages, which indicates that this trend is statistically
robust. At the innermost radius, the sample mean for over-
all migration indicates that radially migrated star particles
contribute to an increase of less than ∼ 10% in the local
vertical velocity dispersion, whereas no effect is observed in
the two outermost radii. The cause of this trend can be seen
in the bottom row of Fig. 11, which shows histograms of
the star particle age distribution at each radius for different
groups of star particles for Au 24. It is clear that inward
migrated star particles make up a significant fraction of the
migrated star particles at the innermost radius, the kine-
matic heating effect of which dominates over the cooling of
the outward migrated star particles. At larger radii, the pos-
itive migrated star particles become more important, which
produces very little overall effect on the vertical velocity dis-
persion (see also Minchev et al. 2012, 2014a). This appears
to be a general trend among the simulation suite.
Although the mean effect of radial migration is near
zero for most of the stellar ages, migrated young star parti-
cles (Age < 2 Gyr) exhibit an enhanced velocity dispersion
relative to the local star particles, which is most pronounced
at the innermost radius: of order ∼ 15% on average with a
relatively large scatter among the halos. While this feature is
caused primarily by the dominance of inward migrated star
particles (which is emphasised at young ages) at the inner-
most radius, it is accompanied by an up-turn in the trend for
young positive migrated star particles. This indicates that at
later times, positive migrated star particles originate from a
kinematically hotter inner disc relative to the outer disc, the
contrast of which is highest at 2Rs (compared to 3 and 4Rs).
The origin of this contrast may be attributed to a compara-
tively quiescent period of evolution at late times with much
less disturbance from minor mergers and satellite interac-
tions (which are thought to be more effective in the outer
disc regions), or that the orbits of newborn star particles
become kinematically cooler with time, particularly in the
outer disc regions (or a combination thereof). To investigate
the latter possibility, we plot in Fig. 12 the radial profile of
the vertical velocity dispersion of disc star particles younger
than 1 Gyr at a series of times from tlookback = 6 Gyr to
present day, for Au 18 and Au 24 (which are typical ex-
amples). It is clear that stars born at later times are born
on progressively colder orbits, particularly for star particles
in the outer disc regions. This leads to a radial profile that
drops steeply between radii of 0 and 5 kpc, and is flat out-
side 5 kpc. The relatively high dispersion in the inner regions
means that star particles found at R = 2Rs that originate
from radii less than ∼ 5 kpc are kinematically hotter than
local star particles, despite the kinematic preference for low
velocity dispersion star particles to migrate (see Fig. 10).
However, star particles younger than ∼ 2 Gyr constitute a
small fraction of the total migrated star population, par-
ticularly at the innermost radii, which indicates that these
star particles do not have a significant effect on the overall
vertical kinematic structure. Note that the age distribution
peaks at ∼ 7 Gyr, ∼ 6 Gyr and ∼ 5 Gyr at the innermost,
intermediate and outermost radius, respectively, which is a
clear indication of inside-out formation.
The result that radial migration has little impact on
disc heating/thickening is consistent with several other stud-
ies that have used simulations to investigate radial mi-
gration (Minchev et al. 2012, 2014a; Vera-Ciro et al. 2014;
Martig et al. 2014; Vera-Ciro & D’Onghia 2015). Further-
more, although each mono-abundance population exhibits
a degree of flaring which is larger in older populations
(Minchev et al. 2015), the lack of any contribution from ra-
dial migration to disc heating in the outer regions of the
disc indicates that the flaring is not caused by star particles
MNRAS 000, 1–1 (2015)
18 Grand et al.
2 4 6 8 10
Age[Gyr]
−0.4
−0.2
0.0
0.2
0.4
(σ
z
−σ
z,
to
t)
/σ
z,
to
t
R=2Rd
2 4 6 8 10
Age[Gyr]
R=3Rd
2 4 6 8 10
Age[Gyr]
R=4Rd
All mig
−ve mig
+ve mig
2 4 6 8 10
Age[Gyr]
100
101
102
103
104
N
Au 24
2 4 6 8 10
Age[Gyr]
2 4 6 8 10
Age[Gyr]
all mig +ve mig -ve mig all stars
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Figure 12. Radial profiles of the vertical velocity dispersion for
star particles less than 1 Gyr old at a series of lookback times,
for Au 18 (left) and Au 24 (right).
migrating from the inner disc regions, as is found to be the
case for discs in isolation (e.g., Minchev et al. 2012). This
seems to be related to the respective cooling and heating ef-
fects of positive and negative migrated star particles in our
simulations, whose behaviour is opposite to what is found
by Minchev et al. (2012); Martig et al. (2014). Our results
are more consistent with those of Minchev et al. (2014a,b),
who showed that the discs of galaxies that experience merg-
ers are perturbed more in the outer regions than the inner
regions, such that positive migrator star particles that travel
to the outer regions are relatively cooler than the local per-
turbed stars, and vice versa for negative migrators. In this
case, radial migration acts to suppress disc flaring.
5 OTHER SOURCES OF VERTICAL HEATING
We have shown above that radial migration cannot account
for any disc heating seen in the stellar discs of our simula-
tion suite, and that the most plausible source of internal disc
heating is the bar, whose strength correlates well with the
disc-averaged heating of a coeval population in some simu-
lations. In this section we investigate two possible sources of
disc heating that do not relate to non-axisymmetric struc-
ture: adiabatic heating and external perturbations from sub-
halos/satellite galaxies.
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of star particles born at 7Gyr > tlookback > 6Gyr as a function
of time (solid lines). The contribution to the velocity dispersion
inferred from an increase in the mid-plane density and assuming
a constant scale height is represented by the dashed lines. Au 2
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5.1 Adiabatic heating
As discussed in section 2.3, the disc in many of the simula-
tions exhibits signs of late-time growth. Gradual increases
in the mid-plane surface density of baryonic material slowly
increases the gravitational potential of stars that oscillate
above and below the disc plane, and therefore injects vertical
energy into pre-existing stars adiabatically (Jenkins 1992;
Villalobos et al. 2010).
In Fig. 13 we show the evolution of the vertical velocity
dispersion of star particles born between 7 > tlookback > 6
Gyr found within a radial range of 1Rs and 3Rs, normalised
to the vertical velocity dispersion at t0 = 6 Gyr, for a sub-
sample of simulations. To determine how much of the heat-
ing of this coeval population is accounted for by mid-plane
disc growth, we calculate the surface density of the baryonic
material (stars and gas) in the same radial range, within 3
kpc vertical distance of the mid-plane. We make the assump-
tion that the velocity dispersion scales with the square root
of the surface density, σz ∝
√
hzΣ, which is true, for exam-
ple, in the case of an isothermal density distribution (Spitzer
1942; Bahcall 1984). We adopt the conservative assumption
that the scale height of a population of star particles remains
constant with time subject to an increase in the mid-plane
density (see also Martig et al. 2014), which places and upper
limit on resulting velocity dispersion increases. The evolu-
tion of the normalised vertical velocity dispersion squared
inferred from mid-plane growth is then given by
[
σ2z(t)− σ2z(t0)
]
ad
= 2πGhz(t0)
(
Σ(t)− Σ(t0)
)
, (13)
which is shown by the dashed curves in Fig. 13. For each sim-
ulation shown the increase in vertical velocity experienced
by the coeval population is not fully explained by adiabatic
heating. The largest fraction of the absolute kinematic heat-
ing that can be accounted for by adiabatic heating is found
in Au 15 to be ∼ 40%, although the absolute heating is low.
The other simulations in our suite show a contribution com-
parable to Au 2, which indicates that adiabatic heating from
disc mid-plane growth is not a major source of disc heating.
5.2 External perturbations
Perturbations from orbiting sub-halos/satellite galaxies have
been shown to be significant to the vertical structure of the
main galaxy (Purcell et al. 2011; Go´mez et al. 2012, 2013;
Widrow et al. 2014; Go´mez et al. 2016; Moetazedian & Just
2015; D’Onghia et al. 2015). In Fig. 14, we plot for each sim-
ulation, the galacto-centric distance of the five most massive
sub-halos at a given time from a redshift of tlookback = 10
Gyr to present day. The points are colour-coded according to
sub-halo total mass. Significant interactions at early times
are indicated in halos Au 2 and Au 21 (both at tlookback ∼ 8
Gyr), which are consistent with the sudden extreme kine-
matic heating at these times in both the inner and outer
disc regions, as highlighted in Fig 6. It is clear that Au
19 experiences an encounter with a satellite of total mass
greater than ∼ 1010.25 M⊙ at tlookback ∼ 5 Gyr, which subse-
quently in-falls and experiences significant mass loss between
tlookback ∼ 5 and 3 Gyr. This timing is consistent with the
extreme heating that occurs in this halo shown in Fig. 6. A
similar interaction occurs in Au 12, which experiences dra-
matic periodic heating events that seem to be associated
with multiple perturbations from satellites of masses ∼ 1010
M⊙ over the period between 5 > tlookback > 2 Gyr (in addi-
tion to a bar). Other halos that experience similar multiple
interactions after tlookback = 6 Gyr include Au 15 and Au
21, which do not host strong bars and undergo apprecia-
ble heating, appear to be similarly harassed by satellites. In
contrast, discs that host a very weak/no bar and experience
very quiescent evolution from z = 1 to present day, such as
those in Au 6 and Au 25, exhibit near constant vertical ve-
locity dispersion with time (Fig. 6), consistent with the idea
that a bar and satellite interactions are primary sources of
disc heating. This indicates also that satellites with masses
less than ∼ 109.5M⊙ are negligible in the context of disc
heating.
6 THE AGE-VELOCITY DISPERSION
RELATION (AVR)
The AVR is a crucial observable relation that contains in-
formation about the nature of dynamical heating processes
that take place over the evolutionary history of a galaxy. For
example, secular heating processes such as those discussed
in this paper are expected to yield a smooth AVR, whereby
disc stars are heated gradually over cosmological time peri-
ods. In contrast, more violent mechanisms such as mergers
are likely to be imprinted into the AVR as sharp jumps in ve-
locity dispersion over narrow age ranges, indicative of rapid
heating. In this section, we study the AVRs in our simulation
suite and correlate their shapes to the dynamical histories of
the galaxies, in order to assess the impact of secular heating
mechanisms on the overall disc structure.
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Figure 14. The distance from the halo centre of the five most massive sub-halos as a function of time, for each halo. The colours indicate
the total mass of each sub-halo.
In Fig. 15 we show the AVR, calculated from star parti-
cles in a radial range that spans 2-3Rs, for each simulation.
As expected, we see a variety of AVR shapes among the sim-
ulation sample. The impact of sub-halos/satellites is clearly
seen as sharp jumps in the AVR, which is particularly clear
at ages between 4 and 6 Gyr in Au 19, which saturates for
star particles older than 6 Gyr (which constitutes star parti-
cles that are present before the interaction). In contrast, for
many halos the AVR is smooth up to ages of 10 Gyr, con-
sistent with the expectation that internal secular evolution
gradually heats the disc on cosmological time-scales.
However, it is interesting to note that even those discs
that do not host a strong bar or experience prominent satel-
lite interactions, for example Au 5, 6 and 16, can still exhibit
a steep AVR despite the apparent lack of disc heating mech-
anisms. This suggests that the heating mechanisms we have
studied so far do not exclusively shape the AVR. To investi-
gate the extent to which dynamical heating of pre-existing
star particles shapes the AVR, we compare the velocity dis-
persion of each coeval population at present day with that at
their birth time (shown by the triangles in Fig. 15). In many
cases, this is also an increasing function of age, i.e., new-
born star particles are born on orbits of decreasing velocity
dispersion as the galaxy evolves. In particular, we see that
the AVR of the quiescent halos mentioned above appears to
be entirely caused by newborn star particles that become
progressively colder with time. Furthermore, this leads to
the overall vertical velocity dispersion and scale height of
the disc to decrease with time. The only discs that do not
become kinematically cooler with time are those of Au 12
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and 19, which experience the strongest satellite interactions.
This indicates that internal secular heating mechanisms are
no match for upside-down formation of the disc, and that
strong satellite interactions have a comparable but opposite
effect. These results highlight that upside-down disc for-
mation (Bird et al. 2013; Stinson et al. 2013b; Bovy et al.
2015) occurs on some level ubiquitously, which has impor-
tant implications for thick disc formation.
7 RESOLUTION STUDY
In any N-body simulation, there is some level of artificial
heating caused by two-body interactions of point-mass par-
ticles, in which particles are scattered onto orbits of in-
creased random energy. Studies such as Fujii et al. (2011)
and Sellwood (2013) have shown that the amount of numer-
ical heating depends strongly on the resolution of the simula-
tion: numerical heating is higher in simulations of lower par-
ticle number. It is generally accepted that numerical heating
in simulations in which the disc is modelled with N > 106
particles is suppressed to an acceptable level, whereas those
of lower particle number are in danger of being dominated
by it. Although the simulations presented in this paper are
above this threshold (∼ 1−3 million disc particles), it is im-
portant to ensure that resolution-dependent numerical heat-
ing does not play an important role in the evolution of the
system.
To this end, we perform two further simulations of Au
16: one high resolution run in which the particle number is
increased by a factor of 8 (∼ 10 million disc star particles),
and a low resolution run in which the particle number is
decreased by a factor of 8 (∼ 105 disc star particles). We
compare the disc heating in these simulations over the last
10 Gyr of evolution from inspection of the age-velocity dis-
persion profile shown in Fig. 16. Overall, the AVR profiles
are very similar, with deviations in vertical velocity disper-
sion less than 8.0 km s−1 for any age. This indicates that
the heating effects in our simulations are not dominated by
numerical heating effects, but instead by physical heating
mechanisms.
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Figure 16. The age-velocity dispersion relation for Au 16 at the
standard resolution (black), 8 times higher resolution (red) and 8
times lower resolution (blue).
8 CONCLUSIONS
In this paper, we performed a suite of cosmological-zoom
simulations with the state of the art N-body magneto-
hydrodynamics code arepo, which models many aspects
of galaxy formation and is successful in reproducing a
broad range of observed properties of late-type galax-
ies (Marinacci et al. 2014a; Pakmor et al. 2014) and of
the global galaxy populations (Vogelsberger et al. 2014a,b;
Genel et al. 2014). The simulation suite comprises 16 galax-
ies, which are shown to exhibit a variety of well-resolved
bar and spiral structure in well-defined stellar discs, some of
which continue to grow until z = 0. We follow the evolution
from z = 1 to present day, and first characterise the spiral
and bar structure evolution. We then examine the impact of
secular processes linked to non-axisymmetric structure and
external perturbations on the disc heating of pre-existing
stars, and assess their relative importance to the overall evo-
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lution of the vertical disc structure. We come to the following
conclusions:
• We characterised the strength of bar and spiral struc-
ture with the amplitudes of Fourier modes calculated from
the density distribution. We compared the time evolution
of their strength with the global vertical energy evolution
of a coeval population of star particles and found evidence
for a positive correlation with bar strength. In some cases,
the presence of a bar appears to be the sole driver of vertical
heating. On the contrary, spiral arms do not appear to cause
much disc heating, however this may be because of a lack
of larger mass disc particles (such as GMCs) to efficiently
divert planar motions to the vertical direction.
• We characterised the strength of radial migration as a
set of radially dependent diffusion coefficients that describe
the broadening of guiding centre (z-component of angu-
lar momentum) distributions of star particles on dynamical
time-scales. These diffusion coefficients reveal a positive cor-
relation between the strength of radial migration and that of
non-axisymmetric structure at several epochs in time, which
confirms that radial migration from bars and spiral arms oc-
curs in the simulations.
• We analyse the effects of radial migration on the verti-
cal velocity dispersion profile on both short (∼1 Gyr) and
cosmological time-scales. The short time-scale analysis re-
veals that star particles that take part in radial migration
in a given time window are kinematically cooler than star
particles that migrate less/do not migrate. This confirms,
for the first time, that the recent findings of isolated disc
simulations (e.g., Minchev et al. 2012; Grand et al. 2012a;
Vera-Ciro et al. 2014) hold in a cosmological context.
• The overall effect of radial migration on the present
day vertical disc is sub-dominant for all coeval populations,
which suggests that radial migration cannot thicken pre-
existing stellar distributions (contrary to what is reported
by, e.g., Scho¨nrich & Binney 2009; Rosˇkar et al. 2013). It
follows that radial migration does not have a flaring ef-
fect on the vertical disc structure (scale heights and den-
sity profiles to be presented in Grand et al. in prep). This
is contrary to what is found in some previous studies (e.g.,
Rosˇkar et al. 2013), and may be explained by the relatively
flat radial profile of the vertical velocity dispersion in our
simulations, which appears to reverse the kinematic effect of
positive/negative migrated star particles on the local parti-
cles.
• Many of the discs exhibit late time growth in the mid-
plane surface density, which leads to some degree of adia-
batic heating in the vertical direction. However, we find that
in most cases, this does not have a significant effect on the
vertical velocity dispersion. There are only three halos in
which this effect produces a vertical heating more than a
few percent over the period from z = 0.5 to 0.
• A significant source of disc heating in at least a quarter
of the simulations appears to be perturbations associated
with sub-halos/satellites of masses > 1010M⊙. The most
significantly heated discs in our sample, Au 12 and Au 19,
show bursts of heating at times associated with pericentre
passages of satellites. In the latter case, a large fraction of
the total disc heating appears to be caused by such an in-
teraction.
• In nearly all of the simulations, star particles are born
on orbits that become kinematically cooler with time, es-
pecially after z = 0.5 (and in some cases from z > 1).
We find that this effect is dominant over the secular heat-
ing mechanisms, which leads to an overall vertical disc that
cools and becomes thinner with time. This evolution is in
favour of the recently proposed upside-down disc formation
(House et al. 2011; Bird et al. 2013; Stinson et al. 2013b;
Bovy et al. 2015). There are only two discs that are not
dominated by this mechanism: those that experience the
strongest satellite interactions.
• Finally, we performed a resolution test that compares
our standard resolution with both a higher and lower reso-
lution simulation, and find that the AVR does not change
significantly between them. This indicates that the heating
mechanisms in the simulations do not have a numerical ori-
gin.
Overall, our results highlight that the most significant
heating episodes arise from sub-halo interactions in the form
of fly-bys and minor mergers, though in our simulations sam-
ple they are, at least after z ∼ 1, less prevalent than the
secular heating provided by a bar. An arguably more im-
portant issue is related to how the kinematic properties of
newborn star particles evolve with time, an effect that ap-
pears to cool the disc and dominate the shape of the AVR to
a large extent. The origin(s) of this behaviour should be tied
to the evolution of the state of star-forming gas, which may
cool with time owing to lower stellar feedback at later times.
The evolution of the star-forming gas may also depend upon
the interstellar medium physics and how it is modelled, and
therefore it is possible that stellar kinematics could be used
as a diagnostic for both ISM and viable feedback models.
The conclusions of this paper are relevant to thick disc
formation from stars that were born in-situ. We have not
followed the evolution of star particles accreted from orbit-
ing sub-halos, which may impact also the stellar distribution
and contribute to a thick disc. Furthermore, we have not at-
tempted to explicitly identify a thick disc and track its for-
mation history. Such an investigation should include detailed
chemical analysis of the stellar distribution in combination
with kinematics and structural parameters. We reserve this
investigation for a future study.
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